In this remark we discuss a relationship between (co)homology classes of a symplectic manifold realized by symplectic and lagrangian objects. We establish some transversality condition for the classes, realized by symplectic divisors and smooth lagrangian tori. As a consequence this leads to a formulation of some "symplectic Nakai criterion".
Consider a Kahler manifold X which is a real even dimensional manifold equipped with an integrable complex structure I and a nondegenerate closed 2 -form ω, compatible with I. Thus one can consider X as a manifold equipped with a complex and a symplectic structures. The structures distinguish subsets in the (co)homology group of X, realizable by either holomorphic objects or lagrangian (isotropic) objects or holomorphic lagrangian objects (f.e. if X is hyper Kahler). We discuss here the simplest case: holomorphic realization by holomorphic line bundles of 2-cohomology classes and lagrangian realization by smooth orientable lagrangian submanifolds of middle dimension homology classes. Then it is not hard to show that Proposition For a Kahler manifold if c ∈ H 2 (X, Z) is realized by a holomorphic line bundle L with c 1 (L) = c and [S] ∈ H n (X, Z) is realized by a smooth lagrangian submanifold S then
is trivial.
Thus one can see that some orthogonality low takes place in this situation: a class, realizable by holomorphic data, is orthogonal to a class, realizable by lagrangian data. The proof is obvious: the first Chern class of L is represented by a harmonic form which has bi-type (1,1) with respect to the complex structure but the restriction of any (1,1) -class to a lagrangian submanifold must be trivial (all the notions can be found f.e. in [1] ). Thus the bi-type decomposition induces this orthogonality. Now let us extend the basic setup and consider a symplectic manifold M equipped with a symplectic form ω only. Again we can distinguish two kinds of related objects: symplectic and lagrangian submanifolds. At the same time we can include line bundles in the story asking does a line bundle L admit a regular section whose zeros form a symplectic submanifold. We will say that a line bundle L is symplectically ample if there exists an integer k such that L k admits a regular section whose zeroset is a smooth symplectic submanifold. If this happens for k = 1 then this L is symplectically very ample. And a natural question arises: does the transversality low derived in the Kahler situation still take place in the present pure symplectic situation?
One knows that every symplectic manifold is always almost complex so there exists an almost complex structure I, compatible with ω. But in this situation the bi-type arguments don't work and the question is much more complicated than in the Kahler case.
Today we can give just a partial answer on this question and show how this partial answer can help in the studing of more general question about symplectic realizability of (co)homology classes over a symplectic manifold. The first fact is stated in [2] where the following proposition is presented:
Proposition For a symplectic manifold M if L is a symplectically very ample line bundle and S = T n is a smooth lagrangian torus S ⊂ M then
Consequently if the cohomology group of M is torsion free then c 1 (L) 2 | S = 0 for any symplectically ample bundle.
Briefly, the proof goes in two steps. First, one proves that for any symplectic divisor D and any smooth lagrangian torus S ⊂ M the intersection is always an orientable smooth n − 1 -dimensional submanifold of S (if dim R M = 2n). This shows that the intersection is never transversal. Second, since the restriction of L to D ∩ S (where D is the zeroset of a smooth section of L) coincides with the normal bundle of D in M restricted to D ∩ S this one contains a line real subbundle (which is the normal bundle of D ∩ S in S). This real subbundle is trivial since D ∩ S is orientable. Hence the restriction of L to D ∩ S is trivial too and, taking in mind the fact that D is the zeroset of a section of L we get the statement (see [2] for details).
Of course, our main conjecture states that the same is true for c 1 (L). Thus we expect that the symplectic case is rather similiar to the more specified Kahler case in view of this homological orthogonality. At the same time the fact established in Proposition ( [2] ) can be exploited in the related question about symplectic realization of cohomology classes over a symplectic manifold. In the restricted version which involves only "divisors" (submanifolds of real codimension 2) one is looking for a regular section whose zeroset forms a symplectic submanifold ("symplectic divisor") for a given line bundle with the first Chern class c ∈ H 2 (M, Z). A very rough suggestion comes with the observation that if D is a symplectic divisor then
Then one supposes that the converse is true as well: if c ∈ H 2 (M, Z) satisfies M c.ω n−1 > 0 then c is realised by a symplectic divisor. But this arithmetic condition is too weak: it's not hard to produce an example of a line bundle with positive projection to ω but which is non realizable by symplectic submanifolds due to the following Corollary A cohomology class c ∈ H 2 (M, Z) is realizable by a symplectic submanifold only if for any smooth lagrangian torus
Now one gets an example. Example. It is sufficient to take the direct product of elliptic curves
where Σ i is equipped with a standard Kahler metric. A symplectic form over M is given by the direct product of the Kahler forms
Any smooth oriented lagrangian submanifold is given by a set of loops
and
where i, j = 1, ..., n. Let's take a set of loops {γ l } and c ∈ H
are choosen in such a way that
(of course, it is possible if n ≥ 4 so we assume dim R M ≥ 8). Then -the expression M c.ω n−1 is positive, -the restriction c 2 | S is nontrivial, and due to the Corollary above the class c can not be realized by any symplectic submanifold.
At the same time one expects that nevertheless an appropriate condition (which is a symplectic version of the classical Nakai criterion, compare with [1] ) does exist and we finish this small remark with the following
Conjecture. An integer class c ∈ H 2 (M, Z) is represented by a symplectically ample line bundle L over a given symplectic manifold (M, ω) if and only if c. [ω] n−1 > 0 and for any "effective" lagrangian class [S] ∈ H n (M, Z) which is realized by a smooth orientable lagrangian submanifold the pairing < c; [S] >∈ H n−2 is trivial.
